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The aim of this paper is to present a new model for the anisotropic damage of concrete and apply it to the numerical
simulation of the failure of some complex structure. This model considers damage as anisotropic in tension but isotropic in
compression, and incorporates asymmetry between tension and compression. In spite of its complexity, it is expressed in a
format ﬁt for numerical calculations by the ﬁnite element method, and involves only six material parameters (in addition to
the usual elastic constants), which makes it suitable for applications to large industrial structures. The material parameters
can be identiﬁed from simple uniaxial and biaxial experiments. The application envisaged relates to the failure of some
cylindrical nuclear containment vessel subjected to some excessive internal pressure. This structure is made of reinforced
concrete containing both passive (initially stress-free) steel armatures and pre-stressed cables. The numerical results illus-
trate the importance of incorporation of both asymmetry between tension and compression and anisotropy of damage in
the simulation to accurately predict the resistance of the structure to fracture.
 2007 Elsevier Ltd. All rights reserved.
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It has now become clear to most researchers that the mechanical behavior of concrete is too complex to be
amenable to a single theoretical description. The main features of each individual model depend on which
physical phenomena emphasis is placed on, and this in turn depends on the applications envisaged.
Thus the mechanical behavior of concrete involves both damage (gradual degradation of the elastic con-
stants) and plasticity (development of irreversible strains). However irreversible strains are important for0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.02.001
* Corresponding author.
E-mail address: leblond@lmm.jussieu.fr (J.-B. Leblond).
P. Badel et al. / International Journal of Solids and Structures 44 (2007) 5848–5874 5849compressive stress states only. Hence a model incorporating only damage is acceptable for applications involv-
ing mainly tensile stresses, as envisaged here.
The aim of this paper is to develop a new anisotropic damage model and show that in spite of its complex-
ity, such a model can be used for numerical simulations of large industrial structures made of reinforced con-
crete, thanks to the special attention paid to numerical aspects when deﬁning it. Various numerical drawbacks
seem to have hampered the use of anisotropic damage models for complex practical applications up to now.
These drawbacks include such pathological features as ﬁnite jumps of the stress induced by inﬁnitesimal vari-
ations of the strain, absence of any stress corresponding to certain strain states, etc.
The main features of the model proposed are as follows:
(1) It accounts for anisotropic damage in tension and isotropic damage in compression.
(2) It accounts for asymmetry between tension and compression.
(3) It satisﬁes the requirement of continuity of the stresses with respect to both strain and damage.
(4) It allows for total damage (complete vanishing of all stress components) when the scalar damage variable
or the eigenvalues of the tensorial damage variable become unity.
(5) Damage cannot decrease and is bounded, in the sense that the scalar damage variable and the eigen-
values of the tensorial damage variable cannot decrease nor exceed unity.
(6) It ﬁts into the framework of ‘‘generalized standard materials’’, as deﬁned by Halphen and Nguyen
(1975).
(7) It involves a limited number of material parameters which can be determined from simple experiments.
The main simplifying hypotheses made are the neglect of the irreversible strains, the volumetric dilation in
simple compression, the eﬀect of high triaxial conﬁning pressures, and all complex cyclic eﬀects. (All these phe-
nomena are well documented for instance by Bazant and Prat (1988b)). None of these eﬀects is important in
the application envisaged.
A number of models proposed in the literature do account for anisotropy of damage (property (1) in the
above list). These models include, among others, those of Chaboche (1992), Challamel et al. (2005), Chow and
Wang (1987), Cordebois and Sidoroﬀ (1982), Desmorat (2000), Desmorat et al. (2006), Dragon et al. (2000),
Fichant et al. (1997), Frantziskonis and Desai (1987), Halm and Dragon (1998), Ju (1989), Kuna-Ciskal and
Skrzypek (2004), Ladeve`ze (1983), Lemaıˆtre et al. (2000), Luccioni and Oller (2003), Murakami (1988), Mura-
kami and Kamiya (1997), Ortiz (1985), Papa and Taliercio (1996), Ramtani et al. (1992), Simo and Ju (1987),
and Yazdani and Karnawat (1996). Many of these models also account for asymmetry between tension and
compression (property (2)). Most models also satisfy properties (5) and (7). However none also simultaneously
satisﬁes the three remaining properties (3), (4) and (6).
Special comments about property (6) are in order in view of its practical importance and the modest atten-
tion paid to it up to now. The expression ‘‘generalized standard material’’ means, in the present context, that
the evolution of damage is governed by some convex ‘‘damage criterion’’ coupled to some evolution equation
obeying a ‘‘normality property’’ analogous to that in the theory of metal plasticity. The criterion is expressed
in terms of the ‘‘thermodynamic force’’ associated to damage, which is the opposite of the derivative of the free
energy with respect to this variable. This free energy must be convex with respect not only to strain (of course)
but also damage, these variables being considered separately.1
It is clear that these features are by no means compulsory from the physical point of view. It has been for
instance advocated very recently by Desmorat et al. (2006) that the positivity of the dissipation can be war-
ranted even if the free energy is not convex with respect to damage. However property (6) entails no undesired
physical consequences2 while ensuring nice mathematical properties very useful in the numerical implementa-
tion of the model. These properties relate to the ‘‘projection problem’’ (local step of the global iterations)1 Global convexity of the free energy with respect to the couple (strain, damage), is not required. This property would be too strong in
the case of concrete because it would prohibit bifurcations which do occur in reality.
2 As long as plasticity is not accounted for. If it must be, the model can no longer ﬁt into the framework of generalized standard
materials because a plastic ﬂow rule obeying the normality property would be very unrealistic for concrete.
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for a given value of the increment of strain. It has been shown by Nguyen (1977) that provided that the equa-
tions are discretized in time with an implicit algorithm, the projection problem for a generalized standard
material is equivalent to minimizing some convex function. This feature ensures existence of the solution,
uniqueness if convexity is strict, and symmetry of the tangent matrices of both the projection problem and
the global iterations.
The contents of the paper are as follows:
• Section 2 is devoted to the presentation of the model. Damage in tension (generated by positive strains)
is considered as anisotropic and represented by a symmetric second-order tensor, while damage in compres-
sion (generated by negative strains) is considered as isotropic and represented by a scalar. Asymmetry
between tension and compression is accounted for by distinguishing, in the expression of the free energy,
the contributions of the positive and negative parts of the strain tensor (combined with the damage tensor
in the positive part), and by using diﬀerent values of the ‘‘damage threshold’’ in tension and compression.
The very evolution equations of the damage variables prohibit any decrease of the scalar variable or the
eigenvalues of the tensorial variable, and the upper bounds of unity are enforced through introduction
of ‘‘indicator functions’’ in the expression of the free energy. Although essentially formal, this operation
serves to show that these bounds can be introduced without destroying the generalized standard character
of the model. A reﬁned variant of the model incorporating ‘‘blocked energies’’ in tension and compression,
depending on the damage variables, is ﬁnally proposed. The role of the extra terms introduced in the free
energy is to allow for a better ﬁt of the post-peak slopes of the stress–strain curves in simple tension and
compression. In this reﬁned version, the model includes six material parameters in addition to the usual
elastic constants.
• Section 3 is devoted to the determination of the model parameters from simple tests. The value of a
constant governing the relative importance of the thermodynamic forces associated to damage in tension
and compression, in both the damage criterion and the evolution equations of the damage variables, is
ﬁxed once and for all from simple physical arguments. Two further constants can be determined inde-
pendently of the remaining three from the experimental stress–strain curve in simple tension. This is
illustrated by reproducing, for suitable values of these parameters, the experimental stress–strain curves
in simple tension obtained by Bazant and Pijaudier-Cabot (1989). The full determination of the remain-
ing three constants demands knowledge of the stress–strain curve in simple compression plus the failure
envelope in biaxial tension/compression. (If this envelope is not available, only two constants can be
determined). This is illustrated by reproducing the stress–strain curves in simple compression and the
failure envelopes obtained experimentally by Hognestad et al. (1955), Ramtani (1990) and Kupfer
et al. (1969). Examples of model predictions for more complex, biaxial and/or non-proportional loadings
are also given.
• As an application, Section 4 is devoted to the numerical simulation of the failure of a large cylindrical
containment structure used in French 1300 MW nuclear plants. This vessel contains both passive (initially
stress-free) steel armatures and pre-stressed cables, and is subjected to some considerably excessive internal
pressure (much greater than that actually experienced during normal service or even most accidental condi-
tions). Two values of the tension in the pre-stressed cables are envisaged. Also, computations are performed
using two models, that discussed here and a simpler model of Badel (2001) incorporating only isotropic dam-
age in tension, in order to illustrate the diﬀerence between predictions of isotropic and anisotropic damage
models.
Section 4.2 considers the case of the larger tension in the pre-stressed cables. It is then found that the two
models predict the same variation of height versus radius. The explanation of this coincidence is related to the
asymmetry between tension and compression. Disregarding this asymmetry would lead to diﬀerent (and
wrong) results in the two simulations.
Section 4.3 considers the case of the smaller tension. The two models then yield markedly diﬀerent pre-
dictions. In both cases there is a sudden and dramatic increase of the height of the structure which leads to
its ﬁnal failure, but this catastrophic increase occurs earlier in the isotropic simulation. The explanation of
this diﬀerence clearly evidences the importance of the anisotropy of damage in the speciﬁc application
considered.
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2.1. Generalities
We introduce two damage variables. The ﬁrst one, which is to represent damage created by positive strains
(‘‘damage in tension’’), is a second-rank symmetric tensor D. The corresponding integrity tensor B is deﬁned
byB  1D: ð1ÞModelling damage in tension as anisotropic is natural since the plane of cracks generated by a tensile stress is
perpendicular to the direction of this stress.
The second variable, which is to represent damage created by negative strains (‘‘damage in compression’’),
is a scalar d. In fact damage in compression must be anisotropic to some extent since the plane of cracks gen-
erated by a compressive stress is parallel to the direction of this stress. It is certainly less anisotropic than dam-
age in tension, however, since the direction of the normal to the cracks is restricted to a plane instead of a
single direction. It seems reasonable in this circumstance to adopt the simpler schematization of isotropic dam-
age in compression.
Using two damage variables is not intrinsically new since a number of authors, notably Comi and Perego
(2001), Fichant et al. (1997), Ju (1989), Laborderie (1991), Ladeve`ze (1983), Lemaıˆtre et al. (2000), Mazars and
Pijaudier-Cabot (1996), Ortiz (1985), Papa and Taliercio (1996), Ramtani et al. (1992), and Wu et al. (2006),
have already proposed to do so. Most of the time, however, this was within the context of isotropic damage
models. Also, the aim was often to distinguish between the hydrostatic and deviatoric parts of the loading,
rather than between tension and compression.
We shall consider the free energy, which is a function of strain, rather than the free enthalpy, which is
a function of stress. The reason is that we wish to avoid factors of type (1  D)1 in the expression of the
thermodynamic potential, because it would then be much more diﬃcult to ensure its convexity with
respect to D.
We shall have to distinguish between the ‘‘positive and negative parts’’ of second-rank symmetric tensors.
Such a tensor A being expressed in spectral form, A P3i¼1Ai ei  ei where the Ai’s and ei’s denote eigenvalues
and normalized eigenvectors, its positive and negative parts are deﬁned byAþ 
P3
i¼1
Aiþei  ei;
A 
P3
i¼1
Aiei  ei;
8>><
>>:
where
xþ  supðx; 0Þ;
x  infðx; 0Þ:

ð2Þ2.2. Basic expression of the free energy
In a ﬁrst step, the speciﬁc free energy U(,D,d) is taken in the formUð;D; dÞ ¼ k
2
trðB:Þ½ 2þ þ
k
2
ð1 dÞ2ðtrÞ2 þ
l
4
tr ðB:þ :BÞ2þ
h i
þ lð1 dÞ2trð2Þ; ð3Þwhere k and l are the Lame´ coeﬃcients of the undamaged material. Note that U(,D,d) is not linear but qua-
dratic in 1  D; the reason why this unusual assumption is made is explained below. The quadratic depen-
dence in 1  d is not necessary but adopted for coherence. The stress tensor is then given byr ¼ oU
o
¼ k trðB:Þ½ þBþ kð1 dÞ2ðtrÞ1þ
l
2
B:ðB:þ :BÞþ þ ðB:þ :BÞþ:B
 þ 2lð1 dÞ2 ð4Þ(where use has been made of the relation
otrðA2Þ
oA ¼ 2A).
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• The model accounts for the anisotropy of damage in tension and the asymmetry between tension and com-
pression (properties (1) and (2) of Section 1). One may note, however, that the modelling of this asymmetry
suﬀers from some minor shortcomings. Indeed one would like the term k[tr(B.)]+B pertaining to tension in
the expression (4) of r to vanish precisely when the term k(1  d)2(tr)1 pertaining to compression
becomes non-zero, and vice versa. Unfortunately this is not true because tr(B.) and tr do not vanish
simultaneously, except when B is a multiple of the unit tensor. The same kind of problem occurs in the
terms l
2
½B:ðB:þ :BÞþ þ ðB:þ :BÞþ:B and 2l(1  d)2- because the eigenvalues of B. + .B and  do
not vanish simultaneously, except when B and  are diagonal in the same basis. However numerical study
of the predictions of the model in some simple cases (Badel, 2001) has shown that these deﬁciencies are of
little practical importance.
• The continuity of the functions x# x± and A# A± warrants the continuity of r with respect to , D and d
(property (3) of Section 1). Basically, this continuity arises from the fact that the expression of U is qua-
dratic in all variables , D and d (which is why such a dependence is adopted). This choice is in line with
Desmorat (2000)’s remark that when positive and negative parts of  and/or D are distinguished, quadratic
terms automatically ensure continuous diﬀerentiability of the free energy, in contrast to linear terms.
• In the case of total damage in tension (D = 1, B = 0), the terms pertaining to tension in the expression of r
vanish. Similarly, in the case of total damage in compression (d = 1), the terms pertaining to compression
vanish. Hence property (4) of Section 1 is satisﬁed. Also, if a single eigenvalue of D, say D1, is unity, the
terms pertaining to tension vanish in the stress component r11, but not in the shear components r12, r13,
except when  and D are diagonal in the same basis.
• The function U is convex with respect to the variables  and (D,d) considered separately (property (6) of
Section 1), as a consequence of the convexity of the functions x 7!x2 and A 7!trðA2Þ and the linearity of
the expressions tr(B.), tr and B. + .B with respect to  and B. The convexity of the function
A7!trðA2Þ is itself a consequence of Ball (1977)’s Theorem 5.1(i): if f(x1, . . . ,xN) is a convex and symmetric
function of x1, . . . ,xN, the function A # f(A1, . . . ,AN) (where the Ai’s are the eigenvalues of A) is convex
over the space of symmetric N · Nmatrices.3 One may incidentally note here that it is diﬃcult to distinguish
between the positive and negative parts of , combined with D, without destroying the convexity of U;
among many simple and seemingly reasonable expressions, ½trðB:Þ2 and tr½ðB:þ :BÞ2 are the only ones
which pass the test of convexity.2.3. Introduction of bounds on the damage variables
In each principal direction of the damage tensor in tension D, the eigenvalue Di should vary between 0 (no
damage) and 1 (total damage). The same is also true of the scalar damage variable in compression d. While the
respect of the lower bound will be a consequence of the evolution equations of D and d, the upper bound is
enforced through the following modiﬁcation of U, which leaves the expression (4) of r unchanged:3 Ba
of the
functioUð;D; dÞ ¼ k
2
½trðB:Þ2þ þ
k
2
ð1 dÞ2ðtrÞ2
þ l
4
tr½ðB:þ :BÞ2þ þ lð1 dÞ2trð2Þ
þ
X3
i¼1
IðDiÞ þ IðdÞ; ð5Þwhere I denotes the indicator function of the interval (1, 1] (I(x) = 0 if x 6 1, +1 if x > 1). How this mod-
iﬁcation, combined with the evolution equations of D and d, does prevent the Di’s and d from exceeding unity,
will be explained in Section 2.4.ll (1977)’s restriction to positive matrices is easily removed by adding a multiple of the unit tensor to A. Also, a much simpler proof
convexity of the function A 7!trðA2Þ was provided by Badel (2001), but this proof was restricted to the 3D case and this speciﬁc
n.
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respect to d. To show that convexity with respect to D is also preserved, consider two second-rank symmetric
tensors D, D 0, an arbitrary number h 2 (0,1), and deﬁne D00  (1  h)D + hD 0. The problem is to show that4 No
damagX3
i¼1
IðD00i Þ 6 ð1 hÞ
X3
i¼1
IðDiÞ þ h
X3
i¼1
IðD0iÞ; ð6Þwhere the Di’s, D
0
i’s and D
00
i ’s denote the eigenvalues of D, D
0 and D00, respectively. If one of the Di’s or D
0
i’s is
larger than unity, the right-hand side of (6) is inﬁnite, thereby ensuring automatic fulﬁllment of the inequality.
If all Di’s and D
0
i’s are 61, u.D.u 6 1 and u.D 0.u 6 1 for every unit vector u, so that u.D 0 0.u 6 1, which implies
that the D00i ’s are all 61. Therefore both sides of (6) are then zero and the inequality is again satisﬁed.
It must be frankly acknowledged that the modiﬁcation of Eq. (3) into (5), with the possibility of an inﬁnite
free energy it implies, is purely formal. It is important from the mathematical point of view, however, to show
that the respect of the upper bound on the damage variables does not destroy the convexity of the free energy
nor the nice ensuing mathematical properties.2.4. Evolution of damage
We now wish, within the framework of generalized standard materials (Halphen and Nguyen, 1975), to
deﬁne some convex ‘‘damage criterion’’f ðFD; F dÞ 6 0 ð7Þ
for the thermodynamic forcesFD   oU
oD
; F d   oU
od
ð8Þassociated to the damage variables D and d. The evolution equations of D and d will then be required to obey
the normality property with respect to this criterion. As already mentioned in Section 1, these properties, cou-
pled with the convexity of U with respect to the global damage variable (D,d), will ensure existence of a solu-
tion to the projection problem and symmetry of the tangent matrices of both this problem and the global
iterations.
There are two a priori possibilities: introduce either separate damage criteria for FD and Fd, or a single cri-
terion involving both forces. But there are good arguments in favor of the second solution.
One is of physical nature. A simple compression test performed in direction x1 must result in a decrease of
the elastic stiﬀness in tension in the perpendicular directions x2 and x3, because a tensile stress exerted in direc-
tion x2, for instance, will ‘‘feel’’ the cracks parallel to plane x1x3 generated by the previous loading. Thus the
evolutions of D and d should be coupled, and this requires using a single damage criterion involving both FD
and Fd.
Another argument is of numerical nature. Adopting separate criteria for FD and Fd would imply dealing
with two ‘‘damage multipliers’’ in the numerical implementation of the model. This would raise diﬃculties
analogous to those encountered in the numerical implementation of Tresca’s criterion in plasticity, because
of the presence of corners on the yield surface.
We therefore adopt a unique damage criterion deﬁned byf ðFD; F dÞ  atr½ðFDþÞ2 þ ð1 aÞðF dþÞ2  k2 6 0; ð9Þ
where a and k are material parameters.4 (In fact k will be considered to be a function of ; see Section 2.5
below.) The convexity of the ‘‘damage function’’ f(FD,Fd) is again a consequence of Ball (1977)’s Theorem
5.1(i). The thermodynamic forces here are given, by Eqs. (5) and (8), byte that the damage criterion does not involve the negative part of Fd, as one would intuitively expect since this force relates to
e in compression, but its positive part. This will be shown to be necessary to warrant that d cannot decrease.
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F d ¼ kð1 dÞðtrÞ2 þ 2lð1 dÞtrð2Þ þ ~F d ;
(
ð10Þwhere ~FD and ~F d represent the extra contributions arising from the indicator functions in the expression (5) of
U. These contributions are zero except when one of the Di’s or d has reached unity, and are discussed in more
detail below.
The evolution equations of D and d associated to the damage criterion (9) via normality read_D ¼ g of
oFD
¼ 2gaFDþ; _d ¼ g
of
oF d
¼ 2gð1 aÞF dþ; g
¼ 0 if f ðFD; F dÞ < 0;
P 0 if f ðFD; F dÞ ¼ 0:
(
ð11ÞTo show that these evolution equations satisfy property (5) of the Introduction, it will be necessary to use the
results of Appendix A on the derivatives of the eigenvalues of a second-rank symmetric tensor.
Since F dþ is non-negative by deﬁnition, Eq. (11)2 implies that d cannot decrease in time. Also, since the
eigenvalues of the tensor FDþ are non-negative, the same is true of those of _D by Eq. (11)1. Therefore
u: _D:uP 0 for every vector u. Applying this relation to the eigenvectors of D and using Eq. (A.1) of Appendix
A, one concludes that the eigenvalues of D cannot decrease.
The lower bound of zero for d and the eigenvalues of D is also respected at all instants since these quantities
are initially zero and cannot decrease in time.
It remains to explain how the evolution equations (11), together with the expression (5) of U, prevent d and
the eigenvalues of D from exceeding unity. Consider d ﬁrst and assume that this quantity has reached unity.
Then I 0(d) = +1. Therefore, by equations (5), (8) and (10), F d ¼ ~F d ¼ 1, so that F dþ ¼ 0. Eq. (11)2 then
implies that _d ¼ 0, which means that d no longer evolves.
The reasoning for the eigenvalues of D is similar, albeit slightly more elaborate. Assume that one such
eigenvalue, say D1, has reached unity. Then I
0(D1) = +1 so that, by Eq. (A.2) of Appendix A,
oIðD1Þ
oD11
¼ I 0ðD1Þ oD1oD11 ¼ I
0ðD1Þ ¼ þ1. Therefore F D11 ¼ ~F D11 ¼ 1, so that the eigenvector e1 of the tensor D asso-
ciated to the eigenvalue D1 is also an eigenvector of the tensor F
D with the eigenvalue 1. It follows that e1 is
an eigenvector of FDþ with the eigenvalue 0. Therefore F
D
þ11 ¼ 0, so that, by equations (11)1 and (A.1) of
Appendix A, _D11 ¼ _D1 ¼ 0. Hence D1 no longer evolves.
A more detailed analysis of the evolution of D once one of its eigenvalues has reached unity is presented in
Appendix B. The conclusion is that the associated eigenvector then stops evolving; damage subsequently var-
ies only in the orthogonal plane and its evolution is governed by the positive part of the projection of FD onto
that plane. A similar result can be established if two eigenvalues have reached unity. These reasonable prop-
erties, which are direct consequences of the introduction of the indicator functions in the modiﬁed expression
(5) of U, will play a role in the numerical application of Section 4, in which some parts of the structure will
reach a state of total damage in some directions.2.5. Introduction of a dependence of the damage threshold upon the strain
Numerical experience reveals that if the ‘‘damage threshold’’ k of Eq. (9) is considered as a constant, the
value of the predicted peak stress in simple compression is too low as compared to that of the peak stress
in simple tension. A similar problem was encountered by Desmorat et al. (2006) within the context of a related,
albeit somewhat diﬀerent damage model.
One simple remedy consists of introducing some dependence of k upon the negative part of the trace of the
strain tensor, (tr). This will not aﬀect model predictions in simple tension since (tr) is zero then; but in
simple compression, this dependence, if properly chosen, will result in a delayed initiation of damage, and
therefore an increase of the peak stress.
Such a dependence is not normally allowed in Halphen and Nguyen (1975)’s deﬁnition of generalized stan-
dard materials. It does not however destroy the nice mathematical features of the projection problem. Indeed
in this problem, (t + Dt) is assumed to be known and ﬁxed. Therefore k is also known and ﬁxed, no matter
whether it is a mere constant or a function of (t + Dt); making it a function of the strain just changes the
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symmetry of the tangent matrices of both the projection problem and the global iterations are still guaranteed.
The simplest approach consists of assuming that k is a linear function of (tr). This suﬃces to enhance the
value of the ratio of the peak stress in simple compression over that in simple tension. However numerical
experience reveals that the predicted failure envelope in biaxial tension/compression then diﬀers markedly
from those determined experimentally by Kupfer et al. (1969) for several concretes. Getting a better match
requires assuming a weaker dependence of k upon  for small strains. The formula adopted here iskðÞ ¼ k0  k1:ðtrÞ:Arc tan½ðtrÞ=k2; ð12Þin this way k increases linearly with (tr) for large negative strains, but quadratically for smaller ones. This
formula introduces three material constants k0, k1 and k2.
One may think that formula (12) should also allow to account for the well-known inﬂuence of some lateral
conﬁning pressure upon the peak stress in compression. Indeed adding such a pressure implies increasing the
absolute value of (tr), and therefore that of k() by Eq. (12), resulting in a delayed onset of damage. Unfor-
tunately numerical experience reveals that properly accounting for the eﬀect of some conﬁning pressure would
require much higher values of the constant k1 than needed to just adequately increase the ratio of the peak
stress in simple compression over that in simple tension. This means that the model does not encompass
the case of highly triaxial stress states with large conﬁning pressures. Such stress states are seldom encountered
in practice and will be absent in particular in the numerical application of Section 4.2.6. Introduction of blocked energies in tension and compression
One shortcoming of the model proposed is that in both simple tension and compression, the constants k0,
k1 and k2 govern both the value of the peak stress and that of the subsequent negative slope. This means that
one cannot separately adjust these values. A reﬁned variant of the model solving this problem will now be
presented.
This variant is only oﬀered as an option, however, because the drawback just mentioned is probably not a
major one. The point here is that many researchers question the validity of post-peak measurements, at least in
simple tension, because of the almost inevitable phenomenon of strain localization. It may therefore be point-
less to insist on accurate ﬁtting of uncertain post-peak measurements.
The modiﬁed expression of the free energy proposed, which again leaves the expression (4) of r unchanged,
readsUð;D; dÞ ¼ k
2
½trðB:Þ2þ þ
k
2
ð1 dÞ2ðtrÞ2
þ l
4
tr½ðB:þ :BÞ2þ þ lð1 dÞ2trð2Þ ð13Þ
þ
X3
i¼1
IðDiÞ þ IðdÞ þ C
2
trðD2Þ þ c
2
d2;where C and c are new material parameters. The quantity C
2
trðD2Þ þ c
2
d2 represents the energy ‘‘blocked’’ in the
system, that is that part of the free energy which cannot be recovered upon unloading.
The physical justiﬁcation of the introduction of this energy is that the cracks generated by damage in ten-
sion, and even more so by damage in compression, do not completely close up upon unloading. This phenom-
enon generates residual strains which store elastic energy. It must be acknowledged however that expression
(13) is slightly illogical in this respect, since it incorporates the stored energy but not the residual strains which
are its physical cause (r is still proportional to  by equation (4); therefore they vanish simultaneously).
The expressions (10) of the thermodynamic forces now becomeFD ¼ k½trðB:Þþþ l2 ½:ðB:þ :BÞþ þ ðB:þ :BÞþ: þ ~FD  CD;
F d ¼ kð1 dÞðtrÞ2 þ 2lð1 dÞtrð2Þ þ ~F d  cd:
(
ð14Þ
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development of damage.5 Therefore changing the values of C and c allows to adjust the post-peak slope of the
stress–strain curves in simple tension and compression.
An extra advantage of the introduction of the blocked energy is that it makes U a strictly convex function of
the global damage variable (D,d), thereby ensuring uniqueness, in addition to existence, of the solution of the
projection problem.2.7. Strain localization and non-local modelling
A common feature of all constitutive models involving softening is the prediction of unlimited strain local-
ization. This phenomenon has several consequences undesired from both the physical and mathematical
points of view. Such consequences include bifurcations with an inﬁnite number of bifurcated branches,
absence of energy dissipation during crack propagation, and mesh dependence in ﬁnite element computations.
All of these phenomena are clear symptoms of the same basic shortcoming of such models: their use is in
essence limited to some minimum scale, but when strain localization occurs, they are actually applied at ﬁner
and ﬁner scales.
The damage model proposed is no exception. Even though it was not derived from some homogenization
procedure but from heuristic considerations, it is macroscopic in character since the damage variables are
intended to represent the average eﬀect of microcracks. Hence it is applicable only to volumes large enough
to contain at least a few microcracks, and is bound to predict unlimited strain localization and other undesired
phenomena if applied to smaller ones.
Various strategies have been proposed to solve this problem. Pijaudier-Cabot and Bazant (1987), for
instance, suggested to use a non-local evolution equation of damage involving a spatial convolution of some
‘‘local damage rate’’. This proposal has been used not only in the context of damage of concrete but also in
that of gradual softening of porous ductile metals (Enakoutsa et al., 2007). Several authors (see e.g. Peerlings
et al. (1995)) have proposed to perform a similar averaging procedure, but using some partial diﬀerential equa-
tion instead of a convolution integral. Still another possibility is to use a second-gradient model; an example is
Gologanu et al. (1997)’s ‘‘micromorphic’’ model for ductile metals.
A non-local version of the model discussed in this paper is proposed in Godard (2005)’s thesis. This version
is based on Peerlings et al. (1995)’s averaging procedure through some partial diﬀerential equation. It will not
be presented here because the numerical simulations of Section 4 will be based on a simpler approach which
consists of just ascribing a minimum size to the elements of the mesh used. Of course, this is not a fully sat-
isfactory solution, since the implicit implication is that the element size then represents some ‘‘characteristic
microstructural length’’ below which the model becomes inapplicable, instead of being a mere mathematical
artefact as it should. The reasons for nevertheless using such an approach are twofold. First, it leads to simpler
and quicker computations, which is essential for such a complex 3D application. Second, although the element
size does aﬀect the results of the calculations to some extent, it does so during the sole ﬁnal failure phase; the
prediction of the onset of failure, which is the main point of interest, is quite independent of the mesh.3. Determination of model parameters—simulation of typical experiments
The model contains six material parameters in addition to the elastic constants of the undamaged material:
the constant a of the damage function (9), the constants k0, k1, k2 of the expression (12) of the damage thresh-
old, and the constants C, c deﬁning the blocked energy in Eq. (13).
Prior to explaining the determination of these parameters, it must be emphasized that their modest number
precludes accurate reproduction of all aspects of the complex mechanical behavior of concrete. The model
proposed cannot, and is not intended to, compete in this respect with such sophisticated models as Bazant
and Prat (1988a)’s ‘‘microplane’’ model or Grassl and Jirasek (2006)’s model, which contain 15–20 adjustable5 The dissipation however remains non-negative, because if Fd or some eigenvalue of FD becomes negative, _d or the corresponding
eigenvalue of _D becomes zero by Eq. (11).
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model but one simple enough, in spite of the consideration of a tensorial damage variable, to be usable in an
industrial context. This implies disregarding some features of the mechanical behavior, pertaining mainly to
strongly biaxial or triaxial compressive stress states, which are unimportant in the application envisaged in
Section 4.
It would certainly be possible to develop completely automatic methods for determination of the model
parameters, using for instance Levenberg–Marquardt’s algorithm. This has not been deemed necessary here
because the parameters can be determined independently of each other or by pairs, by a simple and quick
trial-and-error technique; the only thing required is some implementation of the model into a ﬁnite element
code. The programme used here is CODE_ASTER, which is developed by Electricite´ de France and freely
available.3.1. Determination of parameter a from physical considerations
It is clear from Eq. (11) that the non-dimensional parameter a governs the relative importance of the evo-
lution of the two damage variables: the larger the value of a, the quicker the evolution of D with respect to that
of d.
If a value of a close to zero were adopted, the evolution of d would be quicker than that of D, so that a
simple tension test performed in direction x1 would result in a signiﬁcant degradation of the elastic stiﬀness
in compression in the perpendicular directions x2 and x3. This would be an undesired feature since cracks gen-
erated in tension are certainly only slightly opened and thus should not signiﬁcantly aﬀect the subsequent
behavior in compression in a perpendicular direction. On the other hand if a is chosen close to unity, the evo-
lution of D will be quicker than that of d, so that a simple compression in direction x1 will result in an impor-
tant decrease of the elastic stiﬀness in tension in the perpendicular directions x2 and x3 . This is a reasonable
prediction since cracks resulting from some compressive loading are certainly widely opened6 and thus bound
to have a large eﬀect on the subsequent behavior in tension. Hence the value of a must rather be chosen close
to unity, but not unity since the damage function f(FD,Fd) would then depend only on FD and d would never
evolve. A value of 0.87 is adopted for all concretes considered in this work.3.2. Determination of parameters k0 and C from the stress–strain curve in simple tension
The value of a being ﬁxed, the parameters k0 and C can be determined independently of k1, k2 and almost
independently of c by using the experimental stress–strain curve in simple tension. Indeed in such a test, tr is
negative so that the term involving k1 and k2 in the expression (12) of the damage threshold k is zero; also, c
does appear in the expression (14)2 of F
d but the inﬂuence of this force upon the damage function f(FD,Fd) is
marginal in simple tension since a is close to unity (see Eq. (9)). In practice, one may determine k0 and C
assuming c = 0, and later determine c without modifying k0 and C; the small perturbation thus introduced
in the prediction of the stress–strain curve in simple tension will be negligible in comparison to experimental
errors.
Parameters k0 and C both inﬂuence the position of the stress peak and the slope of the subsequent stress
drop, so that they must be determined simultaneously. (C has no inﬂuence on the onset of damage, but the
stress peak may occur well beyond this onset.) Unfortunately, this can only be done numerically because
the theoretical response in simple tension cannot be determined analytically.
Before showing simulations of typical experimental results, it must be stressed that the data which will be
used were obtained by various authors and correspond to diﬀerent concretes. No complete set of data exists
for a given, ﬁxed concrete. Therefore, when determining a given parameter for some speciﬁc concrete, we shall
use ‘‘reasonable’’ values (corresponding to some other concrete) for the other parameters whenever necessary.
The determination of k0 and C is illustrated by using the results of some simple tension tests of Bazant and
Pijaudier-Cabot (1989). The ‘‘PIED’’ test performed by these authors was developed by themselves and6 As is obvious from the large volume expansion usually observed toward the end of a simple compression test.
Fig. 1. Comparison of experimental and numerical stress–strain curves in simple tension (experimental data of Bazant and Pijaudier-
Cabot (1989)).
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in tension. Fig. 1 displays the comparison of experimental and numerical stress–strain curves. The values of
the material parameters used are E = 30.0 GPa, m = 0.2, a = 0.87, k0 = 3.0 · 104 MPa and
C = 7.0 · 103 MJm3. The results can be seen to be quite satisfactory.
3.3. Determination of parameters k1 and c from the stress–strain curve in simple compression
The parameters k0 and C being ﬁxed, the stress–strain curve in simple compression can be used to determine
k1 and c (simultaneously because these parameters both inﬂuence the position of the stress peak and the slope
of the subsequent stress drop). Simple compression tests performed by Hognestad et al. (1955) and Ramtani
(1990) are used to illustrate this determination.
The former work is old but still interesting in that the authors considered three diﬀerent concretes with var-
ious peak stresses rc in simple compression. Fig. 2 compares their results to those obtained numerically. In all
three simulations, we used the values m = 0.2, a = 0.87, k0 = 3.0 · 104 MPa, C = 7.0 · 103 MJm3,
k2 = 7.0 · 104 and c = 6.0 · 102 MJm3.7 In contrast, the values of E and k1 diﬀered from one simulation
to another and were as follows: E = 17.0 GPa and k1 = 4.8 MPa for rc = 20.7 MPa, E = 27.0 GPa and
k1 = 10.0 MPa for rc = 32.1 MPa, and E = 36.0 GPa and k1 = 18.0 MPa for rc = 42.8 MPa. Again, the agree-
ment between experimental and numerical results is quite good.
Ramtani (1990)’s results are for a cyclic compression test. They clearly evidence the presence of hysteretic
eﬀects and irreversible strains in compression. Since these phenomena are not included in the model, we shall
concentrate on the sole stress–strain curve under monotonic loading, assuming it to be identical to the enve-
lope of the cyclic curves.8 Fig. 3 compares the experimental results to those obtained numerically for
E = 33.7 GPa, m = 0.2, a = 0.87, k0 = 3.0 · 104 MPa, C = 7.0 · 103 MJm3, k1 = 20.5 MPa,
k2 = 7.0 · 104 and c = 6.0 · 102 MJm3. The agreement is quite satisfactory.
3.4. Simple tension followed by simple compression
It is instructive here to consider some additional results of Ramtani (1990) obtained in simple tension fol-
lowed by simple compression. The parameters used in the numerical simulation are E = 16.4 GPa, m = 0.2,
a = 0.87, k0 = 7.0 · 105 MPa, C = 3.0 · 104 MJm3, k1 = 5.5 MPa, k2 = 6.0 · 104 and7 It may seem paradoxical to use a non-zero value of k2 here since the determination of this parameter has not yet been explained. In fact
an equally good ﬁt could be obtained by taking k2 = 0 but this would require to slightly change the values of k1 and c; see Section 3.5
below.
8 The theoretical cyclic curves could be obtained by just drawing a straight line connecting the point corresponding to the maximum
strain envisaged to the origin.
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Fig. 2. Comparison of experimental and numerical stress–strain curves in simple compression (experimental data of Hognestad et al.
(1955)).
Fig. 3. Comparison of experimental and numerical stress–strain curves in simple compression (experimental data of Ramtani (1990)).
P. Badel et al. / International Journal of Solids and Structures 44 (2007) 5848–5874 5859c = 4.0 · 102 MJm3. Fig. 4 shows the tension phase and the beginning of the unloading phase. The exper-
imental results clearly evidence the presence of irreversible strains even in tension, which are not included in
the model; as a consequence, the model overestimates the degradation of the elastic stiﬀness in tension. How-
ever, it clearly appears in Fig. 5 that this does not prevent it from yielding very good results during the com-
pression phase. The recovery of the elastic stiﬀness (due to crack closure in compression), in particular, is
perfectly captured.
It should also be mentioned here that although no speciﬁc experiments are available for comparison, the
model nicely predicts other reasonable features pertaining to asymmetric and anisotropic degradation of elas-
tic stiﬀness. For instance:
• A simple tension in direction x1 leaves the stiﬀness in the perpendicular directions x2 and x3 unchanged in
both tension (because D is a tensor) and compression (because a is close to unity, see Section 3.1).
• A simple compression in direction x1 induces a reduction of stiﬀness in directions x2 and x3 in both tension
(again because a is close to unity) and compression (because d is a scalar).
3.5. Determination of parameter k2 from the failure envelope in biaxial tension/compression
The parameter k2 can ﬁnally be determined using the failure envelope in biaxial tension/compression if
available. The task is rather easy because this parameter has a notable inﬂuence on the shape of this envelope
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Fig. 4. Comparison of experimental and numerical results in simple tension followed by simple compression (experimental data of
Ramtani (1990))—zoom on beginning of cycle.
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5860 P. Badel et al. / International Journal of Solids and Structures 44 (2007) 5848–5874in the vicinity of its upper right corner, corresponding to equibiaxial tension. However it is slightly compli-
cated by the fact that k2 has also an eﬀect on the stress–strain curve in simple compression; thus adjusting
it while preserving this curve requires to simultaneously change the values of k1 and c.
We consider Kupfer et al. (1969)’s results in biaxial tension/compression. This work is still a cornerstone in
spite of its age, because of its unusual completeness. It notably included the determination of the full failure
envelope of several concretes subjected to biaxial loadings. The authors found that all failure envelopes, when
‘‘normalized’’ by the maximum stress rc in simple compression, approximately fell on a single ‘‘master curve’’.
Fig. 6 compares this master curve to that obtained numerically for E = 32.0 GPa, m = 0.2, a = 0.87,
k0 = 3.0 · 104 MPa, C = 1.0 · 103 MJm3, k1 = 10.5 MPa, k2 = 6.0 · 104 and c = 6.0 · 102 MJm3.
The agreement is very good except in the vicinity of the lower left corner, corresponding to equibiaxial com-
pression. The agreement in this region could probably be improved by adopting a more elaborate formula for
the damage threshold k, with more parameters.
It is worth noting that the parameter k2 must be introduced into the model in order to get a good theoretical
failure envelope. Numerical experience reveals that if one does not do so, the maximum stress in the regions
r1 > 0, r2 < 0 and r1 < 0, r2 > 0 is much too large as compared to that in simple compression.
The domain limited by the calculated failure envelope can be observed to be slightly non-convex in the
vicinity of its upper right corner. This may seem surprising at ﬁrst sight since the damage function f(FD,Fd)
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Fig. 6. Comparison of numerical and experimental results for the failure envelope in biaxial tension/compression (experimental data of
Kupfer et al. (1969)).
P. Badel et al. / International Journal of Solids and Structures 44 (2007) 5848–5874 5861deﬁned by (9) is convex. However there is no paradox here because the convexity of this function only war-
rants convexity of the elasticity domain in the space of thermodynamic forces, not that of the domain limited by
the failure envelope in the stress space.
3.6. Biaxial compression
Kupfer et al. (1969) also provided full stress–strain curves in biaxial compression, for diﬀerent values of the
ratio g  r2/r1. Fig. 7 displays the comparison between Kupfer et al.’s curves r1  1 and r1  3 and those
calculated numerically with the same values of the model parameters as in Section 3.5. In this ﬁgure numerical
results are represented by continuous lines with white superimposed symbols (circles for g = 0, squares for
g = 0.52, triangles for g = 1), and experimental results are represented by black similar symbols. The model
qualitatively captures the tendency of the curves r1  1 to go up when g increases, and then down again.
But the quantitative agreement is somewhat mediocre, especially with regard to the horizontal position of
the maxima of the curves. This illustrates the limits of the model in the case of multiaxial compressive stress
states. (Note however that the reference used here to adjust the model parameters was the sole experimental
curve in simple compression; no eﬀort has been made to optimize the general agreement with the full set of
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5862 P. Badel et al. / International Journal of Solids and Structures 44 (2007) 5848–5874For the lateral strain 3, the situation is worse. As already mentioned, the model does not reproduce the
volumetric dilation in simple compression. This seems to be a general shortcoming of models which do not
include plasticity.
3.7. Simple shear
We now come to cases for which no experimental results are available. In spite of this deﬁciency, studying
the predictions of the model for such cases is useful to illustrate some of its non-trivial features.
The ﬁrst, still relatively simple case, is that of simple shear. Fig. 8 shows a cyclic stress–strain curve for such
a case. The values of the material constants used are the same as in Sections 3.5 and 3.6. The two parts of the
cycle can be observed to be almost symmetric; in particular the initial elastic slope is almost exactly recovered
when the stress and strain change sign.
The explanation is easily found by considering the components of D in the principal basis (e1,e2) of r, ori-
ented at 45 with respect to the original one (ex,ey). During the ﬁrst part of the cycle, the positive rxy stress is
equivalent to some tension in the direction of the vector e1 plus some compression in the direction of the vector
e2; therefore D11 grows whereas D22 remains zero. During the second part of the cycle, the negative rxy stress is
equivalent to some compression in the direction of the vector e1 plus some tension in the direction of the vector
e2, so that D11 no longer evolves while D22 grows. This explains why the initial elastic slope is recovered at the
beginning of the second part of the cycle (D22 is still zero then).
It is worth noting that the predictions of an isotropic damage model would be diﬀerent here. With such a
model, the scalar damage variable would increase during the ﬁrst part of the cycle, and this would inﬂuence
the response at the beginning of the second part since this variable would aﬀect all directions indiﬀerently.
Thus the slopes of the stress–strain curve at the beginning of the ﬁrst and second parts of the cycle would
be very diﬀerent.
3.8. Willam’s test
The aim of Willam et al. (1987)’s classical test is to study model predictions in a case where the principal
axes of the loading rotate. The loading is in plane stress in the direction z throughout and consists of two
phases. The ﬁrst is a simple tension in the direction x pursued up to the onset of damage. The second consists
of a subsequent increase of the strain components xx, yy and xy in the proportions 1/1.5/1.
Fig. 9 displays the evolution of the stress components rxx, ryy and rxy. The parameters used here are the
same as in Sections 3.5, 3.6 and 3.7. Four periods can be distinguished.
• Period 1 corresponds to the ﬁrst phase of the loading. It is purely elastic; rxx increases linearly while ryy and
rxy remain zero.
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Fig. 9. Model predictions for the stresses in Willam’s test.
P. Badel et al. / International Journal of Solids and Structures 44 (2007) 5848–5874 5863• During Period 2, rxx decreases (because Dxx increases) while ryy and rxy start to evolve (because yy and xy
increase). During this phase, the eigenvalue D1 of the damage tensor, which corresponds to the eigenvector
e1 initially parallel to the direction x, increases. However the other eigenvalue D2, which corresponds to the
eigenvector e2 initially parallel to the direction y, remains zero because the corresponding strain is still neg-
ative. The vectors e1 and e2 are not ﬁxed but gradually rotate, so that ryy and rxy depend more and more in
time on D1; this is why they do not increase linearly.
• The onset of Period 3 corresponds to that instant when damage becomes complete in the direction of the
vector e1 (D1 = 1) . The stress component rxx remains almost zero henceforward. The basis (e1,e2) of eigen-
vectors of D stops rotating, as explained in Section 2.4 and Appendix B, but D2 still remains zero because
the corresponding strain is still negative. The net result is that ryy and rxy increase elastically.
• Period 4 ﬁnally corresponds to the development of damage in the (still ﬁxed) direction of the vector e2. All
stress components decrease down to zero.
Fig. 10 shows the angles h and hD between the ﬁxed direction x and the ﬁrst principal directions of  and D,
respectively. One can see that the bases of eigenvectors of the strain and damage tensors rotate diﬀerently. In
particular, the basis of eigenvectors of D stops rotating at a certain point (when damage becomes complete in
the ﬁrst principal direction), unlike the basis of eigenvectors of .
These predictions seem typical of what can be expected from anisotropic damage models. Carol’s model,
for instance, yields rather similar results, except that it does not predict that the basis of eigenvectors of D
stops rotating when damage becomes complete in the ﬁrst principal direction (Carol, private communication).
This is an unhappy feature of this model. Indeed such a continued rotation implies that once the eigenvalue0 1×10-4 2×10-4 3×10-4 4×10-4 5×10-4
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Fig. 10. Rotation of the principal axes of the strain and damage tensors in Willam’s test.
Fig. 11. Sketch of the metallic reinforcement of the structure.
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decrease for t > t0 in the direction of the vector e1(t0) even if D1(t) remains unity (D1(t) = 1 means complete
damage in the direction of the vector e1(t), not e1(t0)).4. Numerical simulation of the failure of some containment vessel
4.1. Presentation of the problem
We shall now apply the model developed to the numerical simulation of the failure of a typical pressure
vessel subjected to some excessive internal pressure, namely a containment structure made of reinforced con-
crete used in French 1300 MW nuclear power plants. This computation is just one element of the large
MECEN9 project of Electricite´ de France. The aim of this project is to model and simulate the evolution of
such containment structures during normal service and hypothetical accidental situations, in order to reﬁne
and improve the estimation of safety margins. The internal pressure considered here will be suﬃcient to cause
complete failure of the structure, which means that it will be much larger than that experienced in reality, even
during most accidental conditions.
The presence of both passive (initially stress-free) steel armatures and pre-stressed cables makes the struc-
ture fully 3D and precludes axisymmetric calculations. But its huge dimensions prohibit a full mesh, which
would involve millions or even billions of nodes. We shall therefore study some ‘‘structural volume’’ small
enough to allow for a reasonable mesh, while suﬃciently large to be representative of the full structure. This
volume is a sector of angle 6, height 2 m, internal radius 22.5 m and external radius 23.4 m (so that the thick-
ness is 90 cm). The reinforcing elements are sketched in Fig. 11. There are two passive steel armatures (in light
gray) located near the internal and external surfaces. The diameter of the horizontal bars of these armatures is
20 mm, and that of the vertical bars is 25 mm. Their spacing is slightly variable, of the order of 27 cm in the9 MEthodes de Calcul pour les ENceintes 900, 1300 et 1450 MW.
Fig. 12. Mesh of the structure.
P. Badel et al. / International Journal of Solids and Structures 44 (2007) 5848–5874 5865horizontal direction and 20 cm in the vertical one. The pre-stressed cables (in dark gray) are located half-way
through the thickness, between the passive armatures. Their diameter is 81 mm. Their spacing is 80 cm in the
horizontal direction and 40.5 cm in the vertical one.
Themesh of the structure is shown in Fig. 12. (The reinforcing elements are omitted here for legibility.) It con-
sists of 540 3D quadratic hexahedric elements and 3483 nodes. The passive armatures and pre-stressed cables are
schematized by 1395 extra 1D elements (thus disregarding Poisson’s eﬀect). Perfect bonding between the concrete
and the reinforcing elements is ensured via kinematic conditions enforced at the 1D nodes.
Kinematic boundary conditions are as follows:
• A zero vertical displacement is imposed on the bottom surface.
• The vertical displacement is constrained to be uniform on the top surface (generalized plane strain
condition).
• A zero hoop displacement is prescribed on the lateral surfaces.
The loading includes three elements which are introduced successively:
• The ﬁrst one consists of the small weight of the volume studied (body force), plus that of the rest of struc-
ture located above, not included in the mesh, which generates a negative vertical stress of 0.64 MPa.
• The second one consists of the initial tension in the horizontal and vertical cables. The tension in the hor-
izontal cables is 5.28 MN, and two values of that in the vertical cables are envisaged, 6.93 and 4.50 MN.
The larger value corresponds to the tension imposed initially and the smaller one may represent the actual
tension toward the end of the life of the vessel, since a certain stress relaxation in the cables is inevitable.
• The third one consists of the internal pressure, together with the positive vertical stress it generates via the
force exerted on the top, not included in the mesh.
Thematerial in the reinforcing bars ismodelled as elastic–plasticwith linear isotropic hardening. In the passive
armatures, the values of Young’smodulus, the initial yield stress and the hardening slope are 200 GPa, 500 MPA
and 20,000 MPa, respectively. The values in the pre-stressed cables are 190 GPa, 1550 MPA and 20,000 MPa.
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a = 0.87, k0 = 2.810
4 MPa, C = 0 MJm3, k1 = 17.0 MPa, k2 = 7.0 · 104 and c = 6.0 · 102 MJm3. (It was
not thought necessary to introduce anon-zeroC in viewof the lack of experimental data concerning the post-peak
behavior in simple tension of the concrete considered.)
The second one is a simpler model due to Badel (2001), which incorporates only isotropic damage in tension.
This model is of a much more standard type for such calculations (see e.g. Kevorkian et al. (2005)’s simula-
tions, based on Mazars and Pijaudier-Cabot (1996)’s isotropic model). The expression of the free energy in
Badel’s model isUð; dÞ ¼ k
2
1 d
1þ vd ðtr Þ
2
þ þ
k
2
ðtrÞ2 þ l
1 d
1þ vd trð
2
þÞ þ l trð2Þ; ð15Þwhere d is a scalar damage variable and v a material parameter governing the post-peak slope of the stress–
strain curve in simple tension. The resulting expressions of the stress tensor and the thermodynamic force asso-
ciated to damage are:r ¼ oU
o
¼ k 1 d
1þ vd ðtrÞþ1þ kðtrÞ1þ 2l
1 d
1þ vd þ þ 2l ; ð16Þ
F d ¼  oU
od
¼ k
2
1þ v
ð1þ vdÞ2 ðtrÞ
2
þ þ l
1þ v
ð1þ vdÞ2 trð
2
þÞ: ð17ÞThe damage criterion readsf ðF dÞ  F dþ  k 6 0; k  kðÞ ¼ k0  k1:ðtrÞ; ð18Þ
where k0 and k1 are material parameters, and the evolution of d obeys the normality rule. The values used in
the calculation are E = 31.0 GPa, m = 0.22, v = 3, k0 = 5.3 · 104 MPa and k1 = 10.5 MPa. The value of k0
warrants identical peak stresses in simple tension in both models.
The matter of the element size, in relation to the problem of strain localization, has been discussed in Sec-
tion 2.7. The typical dimension of the elements used here is 10 cm. This is admittedly a very large value for
some ‘‘microstructural length’’, but using a smaller one would be diﬃcult because the number of elements
would become prohibitively large. This is a minor problem, however, because as already mentioned, the ele-
ment size aﬀects the results of the computation during the sole ﬁnal failure phase, the prediction of the onset of
failure being quite independent of the mesh.
Before presenting results, it is worth noting that a closely related calculation, based on a slightly diﬀerent
anisotropic damage model, was presented very recently by Desmorat et al. (2006). The present simulations
reﬁne upon the earlier one on several points:
• We account for the positive vertical stress arising from the force exerted by the internal pressure on the top
not included in the mesh, which was disregarded in Desmorat et al. (2006)’s simulation. This force will be
seen to induce the development of some secondary vertical damage component, in the case of the lesser ini-
tial tension in the vertical cables.
• The comparison of the predictions of our anisotropic damage model and those of some reference isotropic
model will allow for an assessment of the importance of anisotropy eﬀects.
• The consideration of two values of the initial tension in the cables will allow for a study of the inﬂuence of
this parameter.4.2. Case of a large initial tension in the vertical cables
Fig. 13 illustrates the development of the ﬁrst crack. The spheres in this ﬁgure symbolize the hoop compo-
nent Dhh of the damage tensor; they are centered at the Gauss points and their radius is proportional to Dhh.
One can observe an important development of this damage component in two parallel vertical planes of neigh-
boring Gauss points, arising from the positive hoop stress rhh. This means that a vertical crack appears
between these planes. The initiation point of this crack (not shown in the ﬁgure) lies somewhere in the concrete
and is not close to any particular reinforcing element. Of course, its location is governed by the presence of the
Fig. 13. Development of the ﬁrst vertical crack.
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though, this location is sensitive to tiny details of the discretized geometry. For this reason, it is somewhat
uncertain. But it must be stressed that this uncertainty has nothing to do with the model itself and would sub-
sist for any model, since it is tied to the almost perfect rotational symmetry of the structure.
Fig. 14 illustrates the subsequent development of Dhh near the initial crack. This crack is sketched here as a
mere planar surface and the corresponding ‘‘damage spheres’’ are eliminated for legibility. Since the initial
crack induces some relaxation of the hoop stress rhh in the concrete, this stress is transferred to the horizontal
steel armatures and cables. When the internal pressure rises, the hoop stress increases in these steel elements
and is transferred back to the concrete via the assumed conditions of perfect bonding. This induces some
development of Dhh (again represented in the form of spheres) in the concrete in the vicinity of the reinforcing
elements.
We now concentrate on the global response of the structure. Fig. 15 shows the load-displacement curve
(internal pressure versus variation of internal radius) obtained with each of the models. The results are very
similar. In both cases there is an elastic phase followed by a much slower increase of the internal pressure when
Dhh starts increasing. The seemingly meaningless zigzag patterns at the beginning of the second phase arise
from multiple snap-backs which are carefully accounted for in the calculation; the same remark applies to sim-
ilar zig-zag patterns in the subsequent ﬁgures.10 These snap-backs correspond to the appearance and develop-
ment of an increasing number of vertical cracks. Once the concrete is completely damaged in the hoop
direction, there are no more snap-backs and the subsequent increase of the internal pressure is governed by
the sole stiﬀness of the steel armatures and cables.
The reason why the predictions of the two models are nearly identical is that the peak stress in simple ten-
sion, which governs the value of the internal pressure at the transition between the elastic and damaged
phases, is the same in the two models with the parameters chosen. Obviously, the load-displacement curve
is sensitive to this sole parameter and not to the details of the damage model employed.10 These snap-backs are somewhat mesh-dependent. However reﬁning the mesh changes only the details of the load-displacement curve
and not its main features; both the pressure corresponding to the onset of damage and the mean value of the subsequent slope are
completely mesh-independent.
Fig. 14. Development of hoop damage after formation of the ﬁrst vertical crack.
Fig. 15. Load–displacement curve—case of a large initial tension in the vertical cables.
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models are again very similar. This new coincidence may seem more surprising than the ﬁrst, since the respec-
tive variations of the dimensions of the structure in the horizontal and vertical directions are governed by the
respective reductions of elastic stiﬀness in these directions, which should depend on the type (isotropic or
anisotropic) of damage model used.
In order to understand this result, it is necessary to study the sign and ordering of the hoop and axial stres-
ses rhh, rzz in the concrete. The stresses resulting from the weight of the structure (ﬁrst loading) are such that
rð1Þzz < r
ð1Þ
hh ¼ 0. The initial tension in the cables (second loading) is slightly larger in the vertical cables
(6.93 MN) than in the horizontal ones (5.28 MN), thus generating a slightly more compressive stress in the
vertical direction than in the horizontal one; thus rð2Þzz < r
ð2Þ
hh < 0. Finally the tensile hoop and axial stresses
induced by the internal pressure (third loading) are of the order of pR/e and pR/(2e) respectively, where p
denotes the pressure, R the mean radius and e the thickness; therefore 0 < rð3Þzz < r
ð3Þ
hh . Adding up these diﬀer-
ent stresses, one concludes that rzz < rhh. Also, the initial tension in the vertical cables is so large that even for
the maximum internal pressure envisaged, rzz is still negative, although rhh is positive; thus rzz < 0 < rhh. Sim-
ilar inequalities apply to the strain components.
Fig. 16. Variation of height versus variation of internal radius—case of a large initial tension in the vertical cables.
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evolution of the axial component Dzz of damage because the negativeness of zz implies that the thermody-
namic force F Dzz is negative. The situation is diﬀerent with the isotropic model since the evolution of the scalar
damage variable d, arising from the positive hh, concerns all directions indiﬀerently. However no horizontal
cracks are formed since zz is negative: the zz component of the term 2l 1d1þvd þ in the expression (16) of r is
zero, which means that d has no eﬀect on the vertical stiﬀness. The net result is that neither of the models pre-
dicts any reduction of elastic stiﬀness in the vertical direction, and the identity of their predictions follows from
there.
It thus appears that incorporation of asymmetry between tension and compression plays an important role
in the isotropic computation here. If the unilateral eﬀect (absence of cracks generated perpendicularly to the
directions of negative principal strains) were not included in the model, the calculation would predict identical
reductions of elastic stiﬀness in the horizontal and vertical directions. This would lead to underestimating the
resistance of the structure to fracture.
The absence of development of axial damage was also apparent in Desmorat et al. (2006)’s simulation. In
that work, it arose from the neglect of the vertical force exerted on the top by the internal pressure. However
the present calculations show that accounting for this force does not modify the conclusion, the reason being
that the initial tension in the vertical cables is so large that the vertical strain never becomes positive in the
concrete, which precludes the formation of horizontal cracks. The situation will be diﬀerent for the lesser ten-
sion considered in Section 4.3.4.3. Case of a lesser initial tension in the vertical cables
Fig. 17 shows the load–displacement curves for the smaller tension (4.50 MN) in the vertical cables. The
predictions of the two models are again very similar, and the explanation is the same as before: the only thing
that really matters for the load–displacement curve is the peak stress in simple tension, which is the same for
the two models.
Fig. 18 shows the variation of height versus the variation of internal radius. There is a notable diﬀerence
here between the predictions of the two models; both predict a sudden and dramatic increase of the height
(with some additional snap-backs) but this catastrophic event occurs earlier in the isotropic simulation.
Again, the explanation of this result is to be found in the sign and ordering of the stresses. What was said in
Section 4.2 remains basically true except that the lower tension in the vertical cables now allows the vertical
stress in the concrete to become positive. It follows that now 0 < rzz < rhh, and the strains again obey similar
inequalities. This bears two consequences. First, the positivity of zz implies that damage now induces a reduc-
tion of elastic stiﬀness in the vertical direction. Second, the inequality zz < hh implies that the anisotropic
model predicts a more modest development of damage in the axial direction than in the hoop direction,
whereas the isotropic model, by deﬁnition, forgets about such subtleties. Thus the reduction of elastic stiﬀness
Fig. 18. Variation of height versus variation of internal radius—case of a small initial tension in the vertical cables.
Fig. 17. Load–displacement curve—case of a small initial tension in the vertical cables.
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sequence is that it predicts the catastrophic increase of the height too early.
It thus appears essential to incorporate anisotropy of damage in this computation in order, again, not to
underestimate the resistance of the structure to fracture.5. Conclusion
The aim of this paper was to show that in spite of their inevitable complexity, anisotropic damage models
can be used for the numerical simulation of complex industrial structures made of reinforced concrete, pro-
vided that suﬃcient attention is paid to numerical aspects when deﬁning them.
The model proposed was presented in Section 2. This model uses a tensorial variable to describe anisotropic
damage in tension and a scalar variable to describe isotropic damage in compression, and accounts for asym-
metry between tension and compression. It incorporates the natural upper bound of unity on the eigenvalues
of the damage tensor and ensures that these eigenvalues cannot decrease. It also, somewhat unusually, respects
the framework of generalized standard materials, as deﬁned by Halphen and Nguyen (1975). Although by no
means compulsory from the physical point of view, this framework warrants good mathematical properties of
the model and thus robustness of its numerical implementation.
The model contains six adjustable parameters in addition to the elastic constants of the undamaged mate-
rial. This rather modest number stands as a reasonable compromise between accuracy of the physical descrip-
tion and applicability of the model in some industrial context, but of course prohibits accurate reproduction of
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constants was discussed in Section 3, which presented numerical simulations of various, standard and less
standard tests. The experimental situations considered included simple tension, simple compression, simple
tension followed by simple compression, biaxial loadings (failure envelope in biaxial tension/compression,
stress–strain curves in biaxial compression), simple shear and the Willam test. Although no speciﬁc experimen-
tal results could be found for the last two tests, they served to illustrate the predictions of the model in biaxial
and/or non-proportional cases.
The ability of the model to be used for complex industrial applications was ﬁnally illustrated in Section 4
through some numerical prediction of the failure of a nuclear containment vessel subjected to some excessive
internal pressure. The results clearly evidenced the importance of incorporation of both asymmetry between
tension and compression and anisotropy of damage in such computations in order not to underestimate the
resistance of the structure to fracture.
It is worth noting that the anisotropy of damage during the failure of such a containment vessel is very
nicely illustrated in Hessheimer et al. (2003)’s report of the SANDIA experiment. The structure used in this
experiment was a large-scale mock-up loaded through some internal water pressure. The ﬁgures in the report
clearly show the appearance and development of vertical cracks, perpendicularly to the direction of the max-
imum component of damage, just before the ﬁnal spectacular explosion of the vessel.Appendix A. Derivatives of the eigenvalues of a symmetric tensor
The aim of this Appendix is to calculate the derivatives of the eigenvalues of a second-rank symmetric ten-
sor A with respect to the components of this tensor.
Consider A as a function of time and take the time-derivative of its spectral expression, A P3j¼1Ajej  ej.
The result is_A ¼
X3
j¼1
ð _Ajej  ej þ Aj _ej  ej þ Ajej  _ejÞ:Now left- and right-multiply this expression by the vector ei, noting that ei.ej = dij and _ei:ei ¼ ei: _ei ¼ 0 (no sum
on i) since the basis (e1,e2,e3) of eigenvectors of A is orthonormal at all instants. One thus gets_Aii  ei: _A:ei ¼ _Ai ðno sum on iÞ: ðA:1ÞThe quantities _Aii here denote the diagonal components of _A in a ﬁxed orthonormal basis which coincides with
the basis of eigenvectors of A at the instant considered. Eq. (A.1) implies that in this basis,oAi
oAjk
¼ 1 if i ¼ j ¼ k;
0; otherwise:

ðA:2ÞAppendix B. Evolution of the damage tensor in tension once one of its eigenvalues has reached unity
Assume that one eigenvalue of D, say D1, has reached unity. The problem is to study the impact of the term
I(D1) in the expression (5) of U upon the expressions of the tensors F
D and FDþ, and the ensuing consequences
upon the evolution of D.
Let ~FD denote, like in the main text, that part of FD arising from the indicator functions. By Eq. (A.2) of
Appendix A, the components of ~FD in the basis (e1,e2,e3) of eigenvectors of D are given by~F Dij ¼ I 0ðD1Þ
oD1
oDij
¼ 1 if i ¼ j ¼ 1;
0; otherwise:

ðB:1ÞBy Eq. (10), this implies that, in matrix notation,
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1 F D12 F D13
F D21 F
D
22 F
D
23
F D31 F
D
32 F
D
33
0
B@
1
CA: ðB:2ÞTo determine the eigenvalues and eigenvectors of this symmetric matrix, the simplest method consists of
momentarily replacing 1 by a large but ﬁnite negative number L, considering the associated quadratic
formQ 
X3
i;j¼1
F Dijxixj ¼ Lx21 þ 2F D12x1x2 þ 2F D13x1x3 þ
X3
i;j¼2
F Dijxixj ðB:3Þand expressing this quadratic form in canonical form, that is as a sum or diﬀerence of squares of linear com-
binations of the xi’s. Using the change of variables deﬁned byy1 
ﬃﬃﬃ
L
p
x1;
y2  x2;
y3  x3;
8><
>: ðB:4Þone getsQ ¼ y21 þ 2
F D12ﬃﬃﬃ
L
p y1y2 þ 2
F D13ﬃﬃﬃ
L
p y1y3 þ
X3
i;j¼2
F Dijyiyj: ðB:5ÞThe terms proportional to y1y2 and y1y3 here vanish in the limit L! +1. Discarding them, one obtains the
canonical form of Q by diagonalizing the projectionPðFDÞ  F
D
22 F
D
23
F D32 F
D
33
 !
ðB:6Þof FD onto the plane (e2,e3), and then coming back to the original variables x1, x2 and x3. The conclusion is
that e1 is an eigenvector of F
D with the eigenvalue 1, and that the other eigenvectors and eigenvalues are
obtained through diagonalization of P(FD) in the plane (e2, e3).
Discarding then the negative eigenvalues of FD, one sees thatFDþ ¼
0 0
0 ½PðFDÞþ
 
: ðB:7ÞCombined with Eq. (11)1 of the text, this result implies that the components _D11  _D1, _D12 and _D13 of _D are
zero. This means that the eigenvector e1 of D and the associated eigenvalue of unity no longer evolve. Also, the
evolution of the components of D in the plane (e2,e3) is governed by the positive part of the projection P(F
D)
of FD onto this plane.
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